In this paper, we consider a special class of nonlinear semi-definite programming problems that represents the fixed order H 2 /H ∞ synthesis problem. An augmented Lagrangian sequential quadratic programming method combined with a trust region globalization strategy is described, taking advantage of the problem structure and using inexact computations. Some numerical examples that illustrate the performance of the method are given.
Introduction
In this paper, the following nonlinear semi-definite programming (NSDP) problem is considered:
where J : R p×r × S n → R, H : R p×r × S n → S n , Y : R p×r × S n × S n → S n are assumed to be sufficiently smooth matrix functions and S n denotes the set of real symmetric n × n matrices. This problem is a nonlinear matrix programming problem and is generally nonconvex.
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AN AUGMENTED LAGRANGIAN SQP METHOD
The augmented Lagrangian function associated with the equality constraint of (1) is defined as
where K ∈ R n×n is the associated Lagrange multiplier and σ is the penalty parameter. Several problems in system and control theory can be reduced to some special class of NSDPs (see, e.g., [3] , [1] , [10] , [6] , [12] ). NSDP formulations of control problems were made popular in the mid of 1990s. There were, however, no computational methods for solving general nonconvex NSDPs. Recently, nonlinear optimization techniques have been employed to solve NSDPs arising in optimal control (see, e.g., [1] , [10] , [6] , [12] ).
The main goal of this paper is to propose an augmented Lagrangian sequential quadratic programming (ALSQP) Algorithm that makes use of trust region for finding an approximate solution to (1) . ALSQP methods have shown to be quite successful in solving nonlinear programming (NLP) problems. In particular, an ALSQP approach is effective in solving NLP problems, even when the problem is ill-conditioned or the constraints are highly nonlinear. We use trust region strategies to globalize the ALSQP iteration, because they facilitate the use of second derivative information when the problem is nonconvex. The reader is referred, for instance, to the book of Conn, Gould and Toint [4] for a survey of augmented Lagrangian methods and trust region methods.
The difficulties in solving (1) are due to the fact that this problem is a nonlinear and nonconvex matrix programming problem. NSDP formulations of optimal control applications own special structures that are desirably exploited. Having this in mind, we seek in the proposed ALSQP method to combine ideas of SDPapproaches, sequential quadratic programming, and trust region to construct an optimization solver for (1) that exploits the inherent structure of the considered NSDP problem. This paper is organized as follows. In the next subsection we state the basic assumptions imposed on the problem NSDP. In addition, we discuss the framework of the ALSQP Algorithm. In §2 we present the formulation of the considered problem. In §3 we introduce the constrained trust region Algorithm for solving AS3. The second-order sufficient optimality conditions hold at the solution, i.e., there exists a constant κ > 0 satisfying
Note that the surjectivity assumption is the classical regularity assumption of nonlinear programming.
ALSQP methods are iterative. The search directions in these methods are obtained by solving a sequence of quadratic programs (QP). Each QP minimizes at every iteration k a quadratic model of a certain augmented Lagrangian function subject to linearized constraints; in our case the QP takes the form:
where the trust region constraint X ≤ δ (δ > 0 is the trust-region radius) is included to avoid possible unboundedness in the QP.
Given the current estimate (X k , V k ) of the solution of the problem NSDP and the Lagrange multiplier K k , the following Algorithm explains how to obtain the new iterate (X k + X, V k + V ). b. If the prescribed stopping criterion is reached, then stop; otherwise continue with the next step.
c. At every iteration k compute an approximate solution ( X, V ) to the problem QPTR such that (
and go to step b.
Some comments are now in order.
• Obviously, it is not trivial how to obtain an initial (X 0 , V 0 ) ∈ F s (item a of the ALSQP Algorithm). In §4, however, we describe a technique for determining (X 0 , V 0 ) ∈ F s that relies on Lyapunov stability theory.
• The multiplier K can be updated without extra calculations while taking problem structure into consideration; see the end of §2 and the Algorithm 3.2.
The Algorithm ALSQP terminates if the following criterion is satisfied
where tol > 0 is the tolerance.
Problem formulation/application
In optimal control, an important nonlinear and nonconvex application is the problem of designing a static output feedback (SOF) control law that meets a desired performance criterion. A typical instance of an output feedback control system can be stated as follows. Consider a linear time-invariant state space model of order n x ,ẋ
where x ∈ R n x , w ∈ R n w , u ∈ R n u , z ∈ R n z , and y ∈ R n y denote the state, the disturbance input, the control input, the regulated output, and the measured output, respectively. Furthermore, A, B, B 1 , C, C 1 , and D 1 are given constant matrices of appropriate size. The static output feedback control law is given by
where F ∈ R n u ×n y is unknown.
Substituting the control law (7) into our control system, then the closed loop counterpart yields: The fixed order H 2 /H ∞ synthesis problem (see, e.g., [2] , [5] , [7] ) is equivalent to the following NSDP problem:
whereÃ
and γ > 0 is a given constant. Clearly, the problem NSDP is a generalization of the problem NSDP1, where
Observe that, if we assign a large constant value to γ in (9), then we obtain the following special case that corresponds to the fixed order H 2 synthesis problem (see, e.g., [7] , [9] , [14] ):
Note, however, that the ALSQP method reduces to solving (10) by simply assigning a large constant value to γ in that method. First and second-order derivatives of the augmented Lagrangian function (2) are obtained in the following Lemma, which will be needed later on to construct the trust region problem. 
where K is the solution of the adjoint equation,
and the directional derivatives of H (F, L) with respect to F and L are
H F (•) F ≡ F, ∇ F H (•) = C T F T N (F, L) + N (F, L) T FC, H L (•) L ≡ L , ∇ L H (•) = LÃ(•) +Ã(•) T L ,(11)whereÃ (•) = A(F) + 1 γ 2 B 1 B T 1 L , N (F, L) = (B T L + D T 1 C(F)).
Moreover, the Hessian of the augmented Lagrangian is Lipschitz continuous.
Proof. The differentiability of J and H is straightforward. First and second order directional derivatives of L σ with respect to F and L yield the above equations (See, e.g., [11] for a similar result, but with using the Lagrangian function and not the augmented Lagrangian).
AN AUGMENTED LAGRANGIAN SQP METHOD
However, it is also possible to obtain those derivatives of
By using the result of Lemma 2.1 the first-order necessary optimality conditions for the problem NSDP1 are:
For optimal control problems (14) represents the state equation, (13) corresponds to the adjoint equation, and the lefthand side of (12) corresponds to the gradient. It is worth noting that, for σ = 0 the adjoint equation (13) reduces to a Lyapunov equation that can be employed to determine a new Lagrange multiplier estimate in the proposed method.
Observe that, if the penalty parameter σ is set to zero in (12)- (14) , then the Karush-Kuhn-Tucker (KKT) system for the problem NSDP1 is obtained. On the other hand, if γ → +∞ in (12)- (14) and σ = 0, the KKT system of the problem NSDP2 is achieved. In this case,
Constrained trust region method
Let the matrix variable X in the problem NSDP and consequently in the trust region problem QPTR be decomposed as X = (F, L) ∈ R p×r × S n . Then, the problem QPTR can be rewritten in the form: 
is the quadratic approximation of L σ , and δ is the trust-region radius.
In order to avoid possible infeasibility when solving (15) we use the tangent space approach (see, e.g., [4] ). In this approach, the solution X of the trust region problem is a decomposition of a normal step X n and a tangential step X t ; each one of them is obtained by solving an unconstrained trust region subproblem.
The tangent space approach relies on the null space operator of the Jacobian of the equality constraint. A drawback of the utilisation of directional derivatives is the lack of an explicit form of the Jacobian matrix. In the following Lemma we use a technique that is often used in optimal control to provide this null space operator, which does not require such a matrix explicitly.
coincides with the null space N (∇ H T (F, L)) of the Jacobian of the equality constraint, where I is the identity operator. (11) ) and is also bijective (see
Proof. The operator H L (F, L) is linear (see
Hence, the linearized equality constraint in (15) implies
This leads to the following decomposition of X = ( L , F): where 0 is the zero operator. The null space of the Jacobian ∇ H T is given by
where R(T ) is the range space of T .
As seen above the step X solution of (15) is decomposed as (see (16) ):
The following Lemma shows that the linearized equality constraint in the problem (15) is splitted into two Lyapunov equations.
n×n be given, and let ( F, L) ∈ R n u ×n y × R n x ×n x be the solution of (15) , and let γ > 0 be a given constant. The
Proof. (See also [10, Lemma 2.2] for a similar result but on the problem NSDP2) From the step decomposition (17) the linearized equality constraint of (15) can be rewritten as
which by using the derivatives (11) implies (19). Hence, the linearized equality constraint reduces to
and by using (11) gives (18).
An important feature of the tangent space approach is the decomposition of the trust region problem (15) into two unconstrained trust region subproblems. The first subproblem is:
It is particularly desirable to obtain an approximate solution X n = ( L n , 0)
to (20). An efficient solution can be obtained, however, by solving the linear matrix equation
in L n followed by rescaling L n to lie within the trust region, i.e., L n → υδL n , where the scaling parameter υ is given by
Observe that the linear matrix equation (21) is simply the Lyapunov equation (18). Roughly speaking, the computation of X n reduces to solving one Lyapunov equation per iteration.
Having computed X n , the tangential step
obtained as a solution of the following unconstrained trust region subproblem:
and L t ( F) solves the Lyapunov equation (19).
Applying first-order necessary optimality conditions on the subproblem TTR give the following result.
is a solution of TTR, then F satisfies the linear matrix equation
where 
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Proof. By using the results of Lemma 2.1, the direct differentiation of q σ ( F) with respect to F yields Newton's equation (22) coupled with the aforementioned associated Lyapunov equations. The following two properties of trace derivatives have been particularly used to derive that equation
where M 1 and M 2 are matrices of appropriate dimensions. Observe that, the coupled Lyapunov equations (23)- (27) arise as a result of differentiating all those terms of L t ( F) in the quadratic model q σ ( F) with respect to F.
The approximate solutions of the unconstrained trust region subproblems NTR and TTR is described in the next Algorithm. The Algorithm starts by computing the normal step X n = ( L n , 0) followed by solving the linear matrix equation (22) coupled with the Lyapunov equations (19) and (23)- (27) to obtain Within the CG trust region method the iterates are forced to satisfy the inequality constraints (3) . This means that the computed step by the CG method is enforced to fulfill the condition:
If the computed trial step does not lie strictly within F s , then such a step is rejected and a decrease in δ takes place.
Remark 3.1. The problem NSDP1 can be simplified by leaving the variable L to replace V in both inequality constraints. This idea reduces the computations in ALSQP to two Lyapunov equations for computing V and V ( F), and clearly increases the efficiency of the method ALSQP. In this case the computed
) is forced to satisfy the coupled inequality constraints in the compact form:
The following Algorithm describes the computation of the steps X n and X t ( F), where X n is computed first followed by computing X t ( F). 
Given L n , solve (23)-(24), and (13) (with σ = 0) for Z 0 , K n , K ∈ R n×n , respectively. Let˜ ∈ (0, 1). Set T 0 = 0 n u ×n y , and compute the residual (the R.H.S. of (22) 
Repeat at most n u × n y times
, and Z 2 (D) the Lyapunov equations (19), (25)- (27), respectively.
Compute the ratio
and then the parameter
where
If ξ >τ or ξ ≤ 0, then set F = T +τ D, and stop; otherwise, set
4. Update the residual:
, and set cg = min{˜ , U 0 }.
If U
+ U 0 ≤ cg , set F = T + and stop; otherwise go to the next step.
, and go to step 1.
End (repeat)
Having computed the trial step X = ( F, L n + L t ( F)) and the new multiplier estimate K k+1 it remains to accept or reject this step and to increase or decrease the trust region radius δ k according to the strategy of the trust region method (see [4] ). The augmented Lagrangian function (2) is used as a merit function. The quantities Ar ed( X ; σ ) and Pr ed( X ; σ ) of the "actual" and 3. Compute Ar ed k and Pr ed k by using (28) and (29), respectively. If
4. Compute the ratio r k = Ar ed k /Pr ed k , update δ k , and accept or reject the step according to the following:
and reject the trial step.
End (If)
End (do) In the computations the following values have been assigned to the parameters in the Algorithm 3.2: μ 1 = 0.1, μ 2 = 0.7, andσ = 1. We use the following initial values: δ 0 = 10 2 , and σ 0 = 1.
Numerical results
In this Section, an implementation for the Algorithm ALSQP is described. A Matlab code was written corresponding to this implementation. The constant γ > 0 of the problem NSDP1 is initially estimated using the Matlab function hinflmi from the LMI Control System Toolbox. On the other hand, we need to solve several Lyapunov equations during the computation of the trial step. The Matlab function lyap(•, •) from the Control System Toolbox is used to solve approximately those equations.
All considered test problems were chosen from the benchmark collection COMPl e ib [8] . Obviously, for every test problem an initial point (F 0 , L 0 ) ∈ F s is required. One successful approach is to choose an F 0 from the following set:
where Re(ν i (A(F))) are the real-parts of the eigenvalues of A(F). From Lyapunov stability theory, (see, e.g., [15, Theorem 11] ) there is an equivalence between the following:
1. There exists F ∈ D s .
There exists
L 0 such that Y (F, L) ≺ 0.
For every C(F) T C(F)
there exists a unique solution L of the Lyapunov equation (14), and if
Hence, by choosing
of the Lyapunov equation (14) is strictly feasible with respect to the inequality constraints:
However, an initial F 0 ∈ D s can be determined, e.g., by using the code slpmm [7] . The performance of the ALSQP method is compared numerically with the CTR method developed in [9] , the IPCTR method proposed in [10] , and Newton's method combined with an Armijo stepsize rule as proposed in [16] . In the numerical examples, we denote the Newton Algorithm by Armijo. Note that the two methods CTR and IPCTR are based on the simpler problem NSDP2. On the other hand, the problem NSDP2 was formulated in [16] as an unconstrained minimization problem in the variable F and was solved by the above mentioned method.
In the following we consider two numerical examples from [8] that can be cast as nonlinear semi-definite programs of the form (1).
The ALSQP method terminates if the stopping criterion (5) reaches accuracy of 10 −7 .
Example 4.1. The first test problem describes the longitudinal motion of a VTOL helicopter (see [8, HE1] ). The data matrices of the continuous-time linearized state space model (see (6) 
The main goal is to compute an optimal SOF gain matrix F * that meets a desired performance criterion, and at the same time the computed F * must stabilize (in the Lyapunov sense) the closed loop control system (8). Equivalent to this task is to solve the optimization problem NSDP1 for finding a stationary point (F * , L * ).
The zero matrix F 0 = 0 n u ×n y is such that (F 0 , L 0 ) / ∈ F s . Therefore, the following point (F 0 , L 0 ) is considered:
and L 0 is the corresponding solution of the Lyapunov equation (14) . In Table 1 the convergence rate for the method ALSQP is shown. The computed static output feedback gain matrix is F * = −1.6277 6.5100 . quite competitive with other solvers on this problem with respect to the number of iterations. Figure 1 shows the effect of the computed SOF gain F * on the closed-loop control system (8) . In particular, F * enforces all state variables to converge to zero.
Example 4.2.
The second test problem is the Tenyain following model (see [8, TF1] ). The given data matrices for this example are as follows: 
The zero matrix
where L 0 is the corresponding solution of the Lyapunov equation (14) . Therefore, the following F 0 is chosen: Table 4 gives a comparison between ALSQP and other solvers on this problem starting from the same point (F 0 , L 0 ). Figure 2 shows the effect of the computed SOF feedback gain matrix F * on the closed-loop control system (8) .
The two examples show the fast local rate of convergence of the method AL-SQP starting from remote points.
In Table 5 some preliminary tests are given. For each example, we report the problem name together with the problem dimensions (n x , n u , n y , n w , n z ), and the overall number of iterations. A dash indicates that the corresponding method fails to find an approximate solution of the considered nonconvex NSDP problems with accuracy tol = 10 −7 . In particular, ALSQP was tested by using the test problem [8, REA1] from two different starting points; the results corresponding to the second starting point are denoted by REA1 * . In all these problems the four codes approached the same solution point. The main conclusion that we can draw from the above results is that the method ALSQP outperforms other methods on most of the considered nonconvex and nonlinear semi-definite programming test problems.
